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Young’s Lattice and Dihedral Symmetries
RUEDI SUTER
Young’s lattice of partitions of non-negative integers is one of the core structures in mathematics.
For each integer n > 3 we exhibit a subposet of Young’s lattice such that the dihedral group of
order 2n acts faithfully on the Hasse graph of this subposet.
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1. INTRODUCTION AND EXAMPLES
Young’s lattice of partitions of non-negative integers (partially ordered by inclusion of
Young/Ferrers diagrams) is a fundamental example of a differential partially ordered set and
a basic ingredient in the representation theory of the series of symmetric groups. For each
positive integer n we will exhibit a subgraph Yn on 2n−1 vertices induced from the Hasse
graph of Young’s lattice. This results in an ascending series of subgraphs. The vertices of Yn
comprise all the vertices corresponding to a partition of an integer k for 0 6 k 6 n − 1
plus some more vertices in the Hasse graph of Young’s lattice. So the tower of inclusions
Y1 ⊆ · · · ⊆ Yn ⊆ Yn+1 ⊆ · · · exhausts the full Hasse graph of Young’s lattice. The amazing
fact is that the dihedral group Dn of order 2n acts faithfully on the graph Yn if n > 3.
CONVENTIONS AND NOTATIONS. A partition λ = (λ1, . . . , λm) is a finite sequence of
weakly decreasing non-negative integers. Sequences which differ only by the occurrence of
some zeros at the end will be identified. We use the same letter to denote a partition as well as
its associated diagram. For drawing diagrams we use the first quadrant convention. We also
write λ ∈ Yn , meaning that λ is a vertex of the graph Yn (and such a vertex is itself a diagram
or a partition).
As general references I recommend the excellent books [1, 2].
The following figure shows the beginning of the Hasse graph of Young’s lattice (which is a
graded lattice). The rank increases to the right.
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DEFINITION. The hull of a diagram λ, denoted hull(λ), is the smallest rectangular diagram
that contains the given diagram λ.
EXAMPLE. The hull of the diagram for the partition (5, 3, 3, 2) is the diagram for the par-
tition (5, 5, 5, 5).
hull
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EXAMPLE. Aut(Y5) ∼= D5
The following subgraph Y5 of the Hasse graph of Young’s lattice is induced by the vertices
belonging to those diagrams whose hulls are contained in the staircase diagram .
Let us again sketch the graph Y5 with vertices drawn as bullets. In the left column the graph
Y5 is rank-embedded, so that vertices on the same vertical line belong to diagrams with the
same number of boxes. In the right column a blossomed out version is depicted so that the
D5-symmetry becomes manifest.
The reader will have no difficulty identifying the dihedral groups D4 and D3 as automor-
phism groups of the subgraphs induced by the vertices belonging to those diagrams whose
hulls are contained in and , respectively.
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EXAMPLE. Aut(Y6) ∼= D6
The two central vertices correspond to the diagrams and .
EXAMPLE. Aut(Y7) ∼= D7
EXAMPLE. Aut(Y8) ∼= D8
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2. THE MAIN THEOREM
THEOREM 2.1. For a positive integer n let Yn be the Hasse graph for the subposet of
Young’s lattice corresponding to those diagrams whose hulls are contained in the staircase
diagram for the partition (n− 1, n− 2, . . . , 1). Then if n > 3 the dihedral group Dn of order
2n acts faithfully on the (undirected) graph Yn .
PROOF. Here we give a totally elementary proof. Its main ingredient is a diagonal sliding
operation which we explain first. For a diagram λ ∈ Yn let us define σn(λ) ∈ Yn in four steps.
3 2 1 1 8
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Step (1) Slide the whole diagram diagonally down so that the first row goes into the fourth
quadrant.
Step (2) Add a column of height n − 1 as a new first column.
Step (3) Translate the row in the fourth quadrant n positions up.
Step (4) Reflect the portion of the n×n square above the diagonal at the diagonal and give
the reflected portion multiplicity −1, thus canceling part of the first column that
was added in step (2).
It is also easy to describe the diagonal sliding σn by an explicit formula. Let us write a partition
λ ∈ Yn as λ = (λ1, . . . , λm) with λ1 > · · · > λm and such that λ1 + m 6 n. For λ 6= ( ) we
can of course assume λm > 0 with m the number of parts of the partition λ. But for the empty
partition λ = ( ) = (0) we take m = 1. The formula then reads
σn(λ) = (λ2 + 1, . . . , λm + 1, 1, . . . , 1︸ ︷︷ ︸
n−m−λ1
). (1)
Since λ2 + 1 + m − 1 + n − m − λ1 = n − (λ1 − λ2) 6 n, the resulting partition belongs
again to Yn .
CLAIM 1. The diagonal sliding operation σn maps edges to edges in Yn .
We must see that σn preserves or reverses the covering relations among the diagrams in Yn .
So let λ ⊆ µ ∈ Yn and such that λ has one fewer box than µ. We write λ = (λ1, . . . , λm) with
λ1 > · · · > λm and such that λ1 + m 6 n.
1st case If µ is gotten from λ by adding a box in the kth row for some k > 1, then σn(µ) is
gotten from σn(λ) by adding a box in the (k − 1)st row, i.e., σn(µ) covers σn(λ).
2nd case If µ = (λ1 + 1, λ2, . . . , λm), then
σn(λ) = (λ2 + 1, . . . , λm + 1, 1, . . . , 1︸ ︷︷ ︸
n−m−λ1
)
⊇ (λ2 + 1, . . . , λm + 1, 1, . . . , 1︸ ︷︷ ︸
n−m−(λ1+1)
) = σn(µ),
and so σn(λ) covers σn(µ).
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CLAIM 2. The diagonal sliding operation σn has order n.
This follows from the formula (1). More visibly, we can directly look at the diagrams. Note
that steps (3) and (4) do not change the net contribution of the boxes yielding a diagram. So
we at first disregard steps (3) and (4). We successively slide the diagram diagonally down
and always add a new first column. After n repetitions we get two full staircase diagrams,
one below and one above the diagonal, together with the initial diagram shifted by the vector
(n,−n). The two staircase diagrams cancel one another, and we are left with the diagram we
started with. Hence σ nn = idYn . Looking for instance at σ kn ( ) for k = 1, . . . , n − 1, one sees
that the order of σn cannot be smaller than n.
8
8
CLAIM 3. The dihedral group Dn acts faithfully on Yn if n > 3.
The Z/nZ-action generated by σn and the obvious Z/2Z-action λ 7→ λ′ (conjugate parti-
tion) combine to give a Dn-action. In fact, this follows easily from σn
(
σn(λ
′)′
) = λ. Therefore
we have a Dn-action (for n > 3). The faithfulness of this action is evident by looking at the
spikes ( ), (1, . . . , 1︸ ︷︷ ︸
n−1
), (2, . . . , 2︸ ︷︷ ︸
n−2
),. . . ,(n − 1).
Similarly one sees that actually Aut(Yn) ∼= Dn for n > 3. 2
This is not the end of the story. Nevertheless here is a natural place to stop. The subject will
be reconsidered in a more general context in a separate paper.
REFERENCES
1. I. G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd edn, Oxford University Press,
Oxford, 1995.
2. R. P. Stanley, Enumerative Combinatorics, Vols 1 and 2, Cambridge Studies in Advanced Mathemat-
ics 49, 62, Cambridge University Press, Cambridge, 1997, 1999.
Received 10 April 2001 and accepted 16 July 2001
RUEDI SUTER
Departement Mathematik,
ETH Zu¨rich,
ETH Zentrum,
8092 Zu¨rich,
Switzerland
E-mail: suter@math.ethz.ch
